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Abstract 

We use geometrical conformal field theory methods to investigate tachyon fluctuations about the 
butterfly projector state in Vacuum String Field Theory. We find that the on-shell condition for 
the tachyon field is equivalent to the requirement that the quadratic term in the string-field action 
vanish on shell. This further motivates the interpretation of the butterfly state as a D-brane. We 
begin a calculation of the tension of the butterfly, and conjecture that this will match the case of 
the sliver and further strengthen this interpretation. 
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I. INTRODUCTION 


There are now several known solutions i i i i to the equations of motion of Vacuum 
String Field Theory (VSFT) 0. These include the sliver state [^, || and the butterfly 

state 1^. The sliver state was conjectured to represent a D25-brane, and subsequent calcu¬ 
lations of its tension based on this assumption yielded the correct brane tension. The sliver 
state construction was used also to build solutions corresponding to Dp-branes of arbitrary 
dimension and ratios of tensions were found ^ which were in agreement with the 
known results from string theory. These calculations were based on a field expansion of 
fluctuations about the classical solution, using a tachyon field to find the brane tension. 
One requirement for the consistency of the interpretation of the sliver brane as a D-brane 
is that the equation of motion for the tachyon must be a consequence of the string held 
equation of motion; an on-shell string held must correspond to an on-shell tachyon. This 
means that the quadratic term in the resulting tachyon action must vanish, as is the case for 
the sliver state. While it has already been assumed in the literature that the butterhy 
can be interpreted as a D-brane, this may have been premature, as the above properties 
had not been verihed. Were the tachyon held not to satisfy these requirements, it would 
mean that the butterhy state, although known to be a brane {i.e. localised) solution and a 
rank-one projector, could not be viewed as a D-brane. We show in the present paper that 
the butterhy does indeed support a tachyon held with vanishing on-shell quadratic term. 

We now turn our attention to the brane tension. The tension of the brane may be 
obtained from the cubic term in the tachyon action and this has been completed 

for the case of the sliver by Okawa In that calculation, the evaluation of the cubic terms 
turned out to be very tedious and lengthy, and in the present case of the butterhy we hnd 
that it is much more so. Thus rather than attempting a calculation of the entire cubic term, 
we content ourselves with motivating the procedure and conjecture how the result should 
obtain. In this way, we will see how the correct brane tension should arise. 

This paper is structured as follows. In section |1| we review the geometrical construction 
of the butterhy state as a surface state P, along with the regularisation required for any 
concrete calculations. [|l| We then in section 0 turn to the expansion of deformations of 

In section 0 we investigate the quadratic term in the tachyon 


a VSFT solution 10 


action. This surface-state calculation involves the construction of conformal mappings in 
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order to perform star multiplication. In section 0 we begin the calculation of the ratios of 
tensions of different butterflies, suggest how this could be completed, and comment on the 
preliminary results. We conclude in section 0 with a discussion of surface states and the 
role of regularisation and conformal invariance with respect to deformations of string helds 
and definition of fields. 

II. THE BUTTERFLY STATE 

We use the geometrical, surface representation of string fields; thus we specify states using 
a BPZ product with an arbitrary state \(f)). For details of this representation and methods 
thereof, we refer the reader to p. 

The butterfly state \B) is a factorisable state, so that it may be decomposed into the 
product of a left-string functional and a right-string functional. The surface S, dehned by 
—7r/2 < 3?e z < 7r/2 and 3m z > 0, used to define the butterfly is shown in hg.|l[ The 


FIG. 1: the butterfly, defined on the surface S 

unshaded region is the local patch, —vr/d < 3?e z < vr/d, 3m z > 0. The dashed lines which 
border the local patch are the left- and right-string boundaries, and the solid line is the 
boundary of the surface on which we impose the standard open string boundary condition. 
In the centre of the local patch is the puncture P where we insert the operator (j), transformed 
to this coordinate system from the canonical half-disc via the mapping /. Thus the BPZ 
product of the butterfly with the arbitrary state represented by the operator 0 is 

(i3|0) = (/o0(P))s, (1) 

where the combination of the mapping / and the surface S really only need be dehned up 
to conformal equivalence. This is not strictly true of the states we will dehne in subsequent 
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sections, due to regularisation of operator short-distance singulatities. 

We will also have need of the regularised butterfly \Bh)-i and we borrow the formulation 
from 1^. The surface shown in hg.^, is obtained from E by identifying the left and right 



FIG. 2: the regularised butterfly, defined on 

edges, above some height h. This is the regularisation parameter, and the limit h —> oo will 
be taken to obtain the surface E. The state is now dehned by 

(Sh|0) = (Ao0(P))s,. (2) 

The regularised state \Bh) does not satisfy the string-held equation of motion for hnite h. 


III. TACHYON FLUCTUATIONS 


In [TO an elegant proposition was made regarding both the parametrisation of string- 
held huctuations by helds and the construction of states representing the coefficients of 
these helds. We here present this briehy, referring the reader to that paper for details. 

The string-held action is given by 


S= -^(T|Q|T) - 

^ O 


( 3 ) 


Since the VSFT operator Q is purely ghost, there are factorisable solutions T = ® 'kg 

satisfying 


= 0 




( 4 ) 

( 5 ) 


As the ghost part of the solution is thought to be in some sense universal [11], attention has 


mainly been given to the matter part of the solution. From [10|, a hnite deformation of the 
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matter solution parametrised by fields {^i} is given by 




= M ^exp 


— dz dk 


'as 




(6) 


where dJ2 refers to the portion of the boundary of S belonging to the state as 

opposed to the reference state |0). {(pj} are fields which parametrise the deformation, while 
^ipi(k) are the corresponding vertex operators. The integral of such a vertex operator, which 
is of conformal dimension one for on-shell physical states, is thus conformally invariant. 

In the case of a tachyon deformation, we have 


,-T| 


= AT^exp 


/as 


dz / dkT{k)e-^'^-^{z) 


/O0(P) 


Expanding in powers of the tachyon field T, we have 

3 

where 


(TM) = 


J- 


- dz dkT{k)e-^'‘-^{z) fo(j){P) 


(7) 


( 8 ) 


(9) 


One must take care to regularise these states when taking BPZ products, as short-distance 
singularities will obtain. 

|To) is nothing but the classical solution |\km). The next term in the series (H) is 


ITi) = - / dkT(k)\xT(k)), 


( 10 ) 


where the tachyon state |xt(^)) is given by the intergral of the tachyon vertex operator 
along the boundary of the surface. The linearised equation of motion for the tachyon state 
is then 

\XT{k)) = \xT{k) * * XT{k)). (11) 

It is shown in 0 that in the case of the sliver state this equation is satisfied 

on-shell not only for the tachyon Xrik) but for all physical string states |x^,(/c)). In the case 
of the butterfly, it is easy to see that the linearised equation of motion eqn. fpTf) is satisfied. 

Inserting the expansion (P) into the action (j^), the term quadratic in the tachyon field is 
immediately given by 

= -(TjQvl/g) Q(Ti|Ti) + (T2|To)-(Ti|Ti*To)-(T2|To*To)^ (12) 

= -^(27r)2® f dkK{e)T{k)T{-k), (13) 
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where K{k‘^) consists of four pieces coming from the above four contributions; 

Kno — K20Q. 


\K(e) = i/l'n + K, 


20 


(14) 


In K{k‘^) was found to be identically zero in the case of the sliver state. In the following 
section we perform an analogous calculation for the case of the butterfly. 

Since we wish to deal with tension in section we will also need the part of the action 
cubic in the tachyon, given by 


s® = -(fjlQWj) ( (TsITo) - (Tslli) * r„) + {TjITi) - {T^lTi t T„} - (TjITo * Ti) 


-jmiTitTO 

= -|(2,r)» f dhdhdhS(h+k^ + h)V(h,h,h)T(h)T(k^)T{h), 


(15) 

(16) 


where Id is a function containing contributions from each of the six terms in the action. We 
consider the on-shell case, and write this quantity as 


:Id = 1/30 + 


^21 


Id. 


300 


Id, 


210 


Id, 


201 




111 - 


( 17 ) 


For the case of the sliver, Okawa |]^ showed that the hrst hve terms together cancel; the 
cubic action is given solely by the sixth term Vm and thus so is the brane tension. We will 
discuss the case of the butterfly in section 0 . 


IV. QUADRATIC TACHYON ACTION 


Here we calculate the quadratic term in the tachyon action, and show that it vanishes 


on-shell. From eqn.(|^ we have four pieces. 

For the term Kn, we use the mapping shown in hg.|^ to map the surface obtained by 
gluing together two copies of S/j onto a cone of circumference tt. The boundary of the hrst 
and second copies of S/j will be denoted 7 and 7 *. They are shown in the hgure as heavy 
dashed and solid lines. From the appendix, the mapping is given by 


where rj = cosh 2 /i, so that 


cos 29 = - cos 2z, 
V 


dz _ , . e{6)sm26 

= s[uj = 


d9 


dj — cos^ 29 

V 


(18) 


(19) 
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FIG. 3; mapping for two-state BPZ product 


where e{6) denotes the sign of 3?e 6. From the previous section, we have 


K 
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’ -y J -y* 


( 20 ) 


where by ~ we indicate that there this requires regularisation; we see there will be short- 
distance singularities a.t z = ±7r/4. We thus regularise the state by leaving a gap of 25z 
at each of these points. The limit 0 will be taken at the end of the calculation. 

Transforming to the 6 coordinate, we have 


l>07—Sg r ndg rds—ig 'j , 

Kn= del d9'+ / 

Jo^^Sq (.JOy^SQ J6i J / C'tt 


( 21 ) 


where is a cone with opening angle tt, and Sg is our regulator 5z, transformed to the theta 
system; 

1 I 1 

( 22 ) 


^0 = -7^ 4 = -5z 

S(0) V 

The propagator on the boundary of the cone is given by 


=6{k + k') 

' ' Cm: 


9-9' 


nsm 


n 


2kk' 


and considering the on-shell case, = 1, we have 


l'07—Se f rd9 r03—Se 

Kn= d9\ d9'+ / d9'\csc\9-9'). 

(.Joy+SQ J 0i 


Performing the integrals, we obtain 


( 23 ) 


(24) 


it'll = —2 log sin 2(5(9 

—> —2 log 2 — 2 log (5^ -I- 2 log 7 ], 


(25) 

( 26 ) 
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where we have made use of the limit 5^ —0. We see that there is a hnite and a divergent 
part to Kii for hnite r], and also that there is a divergence as rj ^ oo. We expect the part 
divergent in 6^ to cancel between Kn and Khq in eqn.([I^), since products of |Ti) states 
must be regularised at the endpoints of vertex operator integration, while the IT 2 ) state 
contains a different, independently regularised divergence. 

Turning our attention now to it'iio, we use the mapping shown in hg.^. We may again 



FIG. 4: mapping for three-state BPZ product 


write 


XJyJ'y^ / 

Recalling the mapping in the appendix, the relation (P!B[ ) and the derivative (0) remain 
unchanged. The mapping is now to a cone of angle 37r/2, so substituting n = 3/2 into the 
two-point function we may write 


(27) 


A pd7-5e p9ii—Sg 2 

Kno = ^ de de'csc\{e-e'). 

^ J dz+^9 d7+&g d 


(28) 


Again, performing the integrals, we have 


^110 = 2 log 3 - 3 log 2 - log 5^ + log ? 7 , 


so that the combination 


I A'li - A' 1,0 = 2 log 2 - I log 3 


(29) 


(30) 


is hnite, but non-zero. 

In order to calculate the K 20 and ^"200 contributions, greater care must be taken with the 
regularisation procedure. The IT 2 ) state from eqn.@ involves the a double integral since 


dzdz' {e-^'^-^{z)e-^'^-^iz')), 


(31) 















but this will be divergent when z ~ z’. 

Looking at both hg.|] and hg.||, let us calculate K 20 and K 20 Q simultaneously. We follow 
Okawa and regularise the double integral ( 0 ) as 

pz-r p 


dz 


'7;23+ez 


dz' { 


-ik-Xi 




e ~"‘^'[z)e 




(32) 


'7;^3 


where the z integral is to be taken along the contour 7 from ‘just after’ the beginning until 
the end at z-j, and the z' integral is taken along the 7 from the beginning at 2:3 until ‘just 
before’ the point 2 ;. That is, the small quantity is equal to e, ie, —ie and e for each segment 
of 7 respectively, where real e is then the regularisation parameter. Using this formulation 
in the ^-system, we write 




fd-eg 


-^ 20 ( 0 ) — 


de 


d6'uj^ csc'^ lj{6 — 6'), 




'6»3 


where 


(^9 = 




(33) 


(34) 


SO that in the inner integral, the upper limit of integration depends on 6. In order to do 
both calculations at once, we have introduced the constant u; for the cases of K 2 Q and ^^ 200 , 
uj = 1 and uj = 2/3, respectively. Let us hrst perform the inner integral, giving 




20 ( 0 ) 


87 /I 

d^ (- oj cotojiO — 6 * 3 ) 

Vb 


'6*3+ee 

— [ d 6 *s( 6 *) — logsina; 6 * 


O 7 


- Os+eg 


Substituting s{9) from eqn.(^), we have 


d 6 *s( 6 *) = —^^tan ^ 


sin 20 


^ — cos^ 29 


(35) 

(36) 

(37) 


We may now evaluate eqn.(l35|), obtaining 


7 ^ 20 ( 0 ) — --tan 


-1 


sin 204 


dy — cos^ 204 


, . un , cue 

log sm — + logy. 


(38) 


We thus hnd the contribution 


K 20 — K 200 — —2 log 2+2 3 


(39) 


to (W) to be again hnite and non-zero, precisely cancelling the contribution (^) to the 


quadratic term (pld]). 
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V. CUBIC TACHYON ACTION AND BRANE TENSION 


We have verified in section 0 that the butterfiy does indeed support a tachyon field. 
In order to further motivate its interpretation as a D-brane state, the brane tension should 
also be calculated. This was properly done for the sliver in [|^, and we consider the same 
procedure here for the butterfiy. 

We recall that the tachyon coupling constant can be identified by first canonically nor¬ 
malising the tachyon field using the quadratic term, and then extracting the coefficient of the 
cubic term. This coupling will be related to the tension, and the tension may be expressed 
in terms of the energy density. 

The cubic term in the action contains the quantity from eqn.(^), 

~3^ ~ ~ ~ ~ ~ 

These may be calculated as follows. The three-point function on the boundary of the cone 
Cnn is given by 


Pn{wi,W2,W3)6{ki -F k2 + k3) = {W2)P''^'^ {W3)) c\, 

1 |m;i-W2| \w 2-W3\ \W3-Wi\ 

-CSC-CSC - 


77,"’ 


CSC 


n 


n 


n 


(41) 

8{ki -\- k2-\- k^). (42) 


In the following, as before, we imply the use of fig.^ and fig.^ for two- and three-state 
products, respectively. We use the same regularisation parameters 5e = and 
as in the preceding section. 

We begin with Vni and write 




111 


dWi / dW2 I dW3P'^-^{Wi)P'^-^{w2)P^'^{w3) 


ik-X/ 


Jk-X/ 


/ 


(43) 


Regularisation may be carried out as before, so that 


Rill = 


rdT—Stj, 


^63+^4, 


d0i 


c9ii—S^ 


"9i3 


d(j)2 


d(/)3 + 


" 93 — 54 , 


d(j)3 


^ 97+64 


' 911+64 


'9i 


2 \ 2 2 2 
- j CSC -(01 - 02) CSC -(02 - 03) CSC -(03 - 0l). 


(44) 


The three integrals in this case are independent, (he. the integration bounds do not depend 
on the integration variables) and we find that this is identical to Rn in the case of the sliver, 
calculated in lOT, that is 


Rii = 


TT 


(45) 
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Moving on to V 21 and V 210 we may write the unregularised quantity as 


1^21(0) ~ / dMiidui2 / dui3Pi/„(mi,ui2,«i3), 


(46) 


' 7* 


where we have written both states simultaneously using a;, as we did in section |I^. We 
regularise as we did with -^" 20 ( 0 ); 


l‘Z7 


^ 21 ( 0 ) — 2 


dtci 




In the 0-system, this becomes 


dW2 / dW3Pi/^(tCi,tC2,W3)- 
J 'y* 


(47) 


V,. =2 


r- 6»7 

d01 / d02 




r-09 




/ d03 / 

’ 6'j-\-5q J9i 


d(^3|csc((^l-<^2)csc((^2-*)'3)csc(<^3-(^l). 

(48) 

Here we are using the regulator e just as we did in the previous section. 

^210 = V 201 may similarly be expressed as 


(*67 


1^210 — 2 


d 0 i 




' di+eg^ J 63 


' 67+5g 


di^2 / d.^3 - CSC-(.)>i-.)>2)cSC-(.)>2-.)>3)cSC-(.)>3-.^i). 


(49) 


Finally, V 30 and V 300 niay be written 



which may be regularised and written as 


1^30(0) — 4 


r*^7 


' 6 > 3 + 2 r 0 


d 0 i 




d 02 


-02-7^2 


d 03 a;^ csca;( 0 i — ^ 2 ) csca ;(02 — <^ 3 ) csca ;(03 — 0 i) 


'03+7-9, 


'03 


(51) 

Here, r is a new regulator, which is used exactly as is e in previous expressions. This means 
that 7 = and ‘follows the contour’ in the z-system, as explained for just before 

equation (|53|). 

Explicit evaluation of the integrals for V 2 i(o) and 1 / 30 ( 0 ) in equations (^81) , (^) and (|^ 
is not impossible, but very tedious. Primarily this is due to the complicated dependence of 
the upper limits of the inner integrals on the variables of the outer integrals. We leave this 
evaluation for future investigation and here make some comments. We hrst mention that 
the calculation must be done for hxed, hnite p, taking the limit // —>■ cx) only at the very end. 
The 5 —!> 0, e —0 and r —0 limits may be considered while performing the calculation, but 
care must be taken to keep all divergent terms in these regulators. In addition, in individual 
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expressions, these three limits do not always commnte, and it is only at the end where the 
divergent parts shonld be seen to cancel. Given that these two regnlators are independent, we 
again expect that the combinations V 30 — V 300 and V 21 — V 210 — V 201 will not be divergent. We 
also expect that combined, they contribnte zero to the expression (^) for the cnbic tachyon 
conpling, throngh eqn.(]T7|), leaving the tension dependent only on the term Vm. Finally, 
to calcnlate the tension one mnst calcnlate the overall normalisation of the qnadratic term, 
so that it may be written canonically and the cnbic term normalised appropriately. This 
calcnlation also is tedions for the case of the bntterfly; we do not nndertake it here. Work 
is in progress on the qnadratic normalisation and the cnbic term evalnation; if reasonable, 
we intend to address the fnll calcnlation of the tension in a fntnre pnblication. 


VI. DISCUSSION 


We have calcnlated the on-shell qnadratic term in the tachyon action, and fonnd that it 
vanishes. The strnctnre of this calcnlation is the same as that for the sliver |^. This is 
compatible with the assertion that the bntterfly represents a D-brane state. The tension 
conld be calcnlated by following the procednre ontlined in the last section, and we expect 
that this will also agree with the canonical valne of nnity for a D-brane, matching the case 
of the sliver. 

Finally, it is interesting to note that when dehning snrface states with operators on 
the bonndary, snch as the deformation states in eqnations (H)-®, the dehnition of the state 
depends on the geometry nsed. That is to say, althongh snch specihcations are formally con¬ 
formally invariant, the necessary regnlarisation procednre will break this symmetry. When 
dehned nsing operators reqniring regnlarisation, conformally eqnivalent snrfaces can cor¬ 
respond to different states. This information is contained in the fnnction which maps the 
regnlator from one coordinate system to another; here this was the fnnction s{6) which maps 
the regnlator in the 2 ;-system to in the ^-system. 
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Appendix: Conformal Mapping to the Cone 


Let be the region of the complex plane given by —7r/4 < 3fJe 2 ; < vr/d, z > 0. First 
let us construct a map from to itself, which transforms the boundary dQ as shown in 
£g.|. That is, the contour given by line segments from 2 ; = —7r/4 + ih down to z = —7r/4, 



FIG. 5: 77 cos 29 = cos 2z 


across to z = +7r/4 and up to ^ = +7r/4 + ih should be mapped to the segment of the real 
line —71/A < z < vr/d, with the rest of the boundary mapped accordingly. This map is given 
implicitly by the relation 

cos 26* = - cos 22 :, (A-1) 

r] 


where r] = cosh2h. Now, due to the periodicity of the functions in (|A-1|) , 
extends to arbitrarily many copies of the surfaces, as shown in £g.^. Each 


this map in fact 
‘bucket’ of width 



FIG. 6 : r] cos 29 = cos 22 

7r/2 is folded down onto the real line. We will use the map for two copies of for surfaces 
corresponding to Ku and K 20 , and the three-copy map for Kuq and R' 2 oo- Explicitly, the 
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map ( |A-1|) can of course be written as 


^ 1 _i cos2^ 

0 = - cos - 

2 7] 


(A-2) 


although we must be careful to note that the inverse cosine function is not single-valued. 
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